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. . . this paper is prepared with fond memory of the late Professor David E. Yount . . .

Bubble Number N   Psafe ss
min∝

Bubble Number N   Pactual ss
new∝

Excess Bubble Number 
N Nactual safe

=
−

Assumptions:

1. The gradient correlates with the constant bubble number  and associated released gasPss
min Nsafe

volume that can be tolerated indefinitely (i.e. as in a decompression profile from saturation).

2. The body can tolerate  number of bubbles regardless of gradient.  At a larger gradient ,Nsafe Pss
new

the excess released gas volume is proportional to the excess bubble number .N Nactual safe−
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Some brief notes about the notation used in this paper:

A. A capital letter P has traditionally been used by physiologists to denote pressure, either total
pressure or partial pressure.  Additional description is given by the symbols for individual gases or
the use of subscripts.  Examples:

 =  [partial] pressure of nitrogenPN2

 =  [partial] pressure of heliumPHe
 =  ambient pressurePamb

 =  inspired [partial] pressureP   I

 =  initial [partial] pressureP   O

 =  [total] pressureP   
B. Yount and colleagues used the notation of physicists in their papers.  This included a lower case

letter p for pressure with descriptive subscripts and superscripts.  The same notation is used in this
presentation except that a capital letter P is used for pressure (to follow the convention used in
diving physiology).  Specific Yountian notation is as follows:

 =  minimum supersaturation pressure [gradient for bubble formation]Pss
min

 =  new [larger] supersaturation pressure [gradient for bubble formation]Pss
new

 =  crushing pressure [gradient for reduction in radius of gas nuclei]Pcrush

 =  minimum initial radius of gas nuclei [probed for bubble formation]ro
min

 =  new [larger] initial radius of gas nuclei [probed for bubble formation]ro
new

C. A gradient is a difference in pressure which makes it distinct from an absolute pressure.  Most of
the gradients in this paper use the same notation P as that used for absolute pressures (following
the presentation of the original authors).  However, I think Bruce Wienke’s notation “G” for
gradients makes more sense (i.e. a gradient G is independent of the absolute pressure scale whereas
a pressure P is not).  Accordingly,  I use the notation G in a few places where I introduce my own
arguments (poetic license!).

Discussion:

The dynamic critical volume hypothesis assumes that the body can eliminate or tolerate number ofNsafe

bubbles and associated volume of released gas for an indefinite period of time.  It also assumes that the
body can eliminate or tolerate an even greater “critical volume” of released gas for a limited period of time. 
This critical volume is proportional to the excess bubble number .  Gas is entering andN Nactual safe−
leaving the free-phase throughout decompression, so the situation is dynamic.  The rate at which the free-
phase gas inflates is assumed to be proportional to the product .P (t) (N N )ss

new
actual safe⋅ −
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The total volume of released gas in the body at any time should never exceed some critical volume . t Vcrit

The decompression criterion is then given by the critical volume equation:

P (t) (N N ) dt  Vss
new

0

t

actual safe crit� ⋅ − ≤ α

where is a constant of proportionality.α

The gradient is assumed to be held constant during the in-water deco time and then it decaysPss
new tdeco

exponentially on the surface as the surface interval time .  Since gradients to drive bubbletsurf → ∞
formation and growth can persist for a period of time after the diver has surfaced, the critical volume
decompression criterion includes a phase-volume computation for both the in-water and post-dive
(surface) portions of a profile.

Accordingly, the total phase-volume integral is computed in two parts; the in-water portion during the
deco time , and the post-dive portion during the surface interval time .tdeco t surf

Steps to evaluate the phase-volume integrals in the critical volume equation:

First, factor out constants and separate phase-volume integrals by in-water and surface portions:

α V   (N N ) P (t)dt + P (t)dtcrit actual safe ss
new

ss
new

t0

t

deco

deco

= − ⋅
�

�
�
�

�

�
�
�

∞

��

Note that at this point the equation has been set equal to in order to establish a definite upper limit.α Vcrit

Since is assumed to be held constant during the deco time , the in-water portion is evaluated asPss
new tdeco

P dt  P t   P t P 0 P tss
new

0

t

0

t

ss
new

ss
new

deco ss
new

ss
new

deco

deco deco

= ⋅ = ⋅ − ⋅ = ⋅�

In the next step, the phase-volume over the post-dive surface interval must be calculated.  This
computation is simplified in the original Yount & Hoffman paper by assuming that the diver only breathed
a single inert gas such as nitrogen in air during the dive, the diver breathes normal atmospheric air on the
surface, and the gradient for dissolved gas elimination is  instead of .  This lastP(t) Pamb− P(t) PI−
assumption is somewhat conservative and dramatically simplifies evaluation of the integral as will be
demonstrated below.  In the above notation,  is the partial pressure of dissolved inert gas in aP(t)
hypothetical tissue compartment as a function of time;  is the constant ambient pressure at thePamb

surface; and  is inspired (alveolar) partial pressure of nitrogen in atmospheric air at the surface.PI
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P(t)

Pamb

Gradient Pss
new

decot
Decompression

surft
Surface Interval

Phase-Volume Integration

The gas loading as a function of time, , for one inert gas during the surface interval is given byP(t)

P(t) P (P P ) (1 e )O I O
kt= + − ⋅ − −

In this case, Yount & Hoffman made the simplifications that  and .P PI amb= P P PO amb ss
new= +

Plugging these in and simplifying the gas loading equation:

P(t) P P [P (P P )] (1 e )amb ss
new

amb amb ss
new kt= + + − + ⋅ − −

P(t) P P P (1 e )amb ss
new

ss
new kt= + − ⋅ − −

P(t) P P P P eamb ss
new

ss
new

ss
new kt= + − + ⋅ −

P(t) P P eamb ss
new kt= + ⋅ −

Since the ambient pressure at the surface is constant, the gradient of interest as a function of time, , isG(t)
given by .  Thus,P(t) Pamb−

G(t) P P e Pamb ss
new kt

amb= + ⋅ −−

G(t) P ess
new kt= ⋅ −

The post-dive (surface) portion is evaluated as:

[ ]P e dt  P e dt  P ess
new kt

ss
new kt

00
ss
new 1

k
kt⋅ = ⋅ = ⋅ ⋅− −

∞∞
∞

−
−�� 0
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 , and since   and ,[ ]= ⋅ ⋅ − ⋅−
− ⋅∞

−
− ⋅P e ess

new
k

k
k

k 01 1 lim e 0−∞ → e 10 =

= ⋅Pss
new 1

k

Thus, after evaluating the in-water and surface phase-volume integrals, the critical volume equation yields:

[ ]αV (N N ) P t Pcrit actual safe ss
new

deco ss
new 1

k= − ⋅ ⋅ + ⋅

α V (N N ) P (t )crit actual safe ss
new

deco
1
k= − ⋅ ⋅ +

Note that  is factored out of the total phase-volume integration in order to isolate the variable.Pss
new

The goal of this mathematical exercise is to be able to solve the critical volume equation for  in termsPss
new

of calculable parameters.  In order to accomplish this, the quantity  must be expressed in(N N )actual safe−
terms of VPM parameters that can be calculated in a decompression program.  This leads to the next step
in the derivation.

Expressing bubble numbers in terms of calculable VPM parameters:

The VPM primordial (pristine) radial distribution (a continuous distribution function) relating bubble
number versus initial radius of gas nuclei,  , is given by:ro

( )N N expo
Sr

2kT
o o= ⋅ − β

where  is a VPM constant,  is a normalization constant, is the constant area occupied by oneβo No S
surfactant molecule in situ,  is the Boltzmann constant, and  is the absolute body temperature which isk T
also assumed to be constant.

The bubble numbers versus initial radii at the gradients  and , are given by:Pss
min Pss

new

( )N N expsafe o
Sr

2kT
o o

min

= ⋅ − β

and

( )N N expactual o
Sr

2kT
o o

new

= ⋅ − β

It should be noted at this point that the radial distribution of gas nuclei in humans is not exactly known, so
some further assumptions and simplifications are required.
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For small values of the exponential argument (linear-small region of the exponential distribution), the
above equations can be expanded to simplify the calculation:

( ) ( )N N exp N 1o
Sr

2kT o
Sr

2kT
o o o o= ⋅ ≈ −− β β

( ) ( )N N N 1 N 1actual safe o
Sr
2kT o

Sr
2kT

o o
new

o o
min

− ≈ − − −β β

( ) ( )N N N N N Nactual safe o o
Sr
2kT o o

Sr
2kT

o o
new

o o
min

− ≈ − − +β β

[ ]N N N 1 1actual safe o
Sr
2kT

Sr
2kT

o o
new

o o
min

− ≈ − − +β β

( )N N Nactual safe o
Sr
2kT

Sr
2kT

o o
min

o o
new

− ≈ −β β

( )N N r ractual safe
N S
2kT o

min
o
newo o− ≈ −β

To further simplify the calculation,  is factored out of the parentheses and a VPM relationship forro
min

 is introduced [reference the “Skins” paper by Yount, J. Acoust. Soc. Am. 65(6)1979a]:ro
min

( )N N 1actual safe
N Sr

2kT
r
r

o o o
min

o
new

o
min− ≈ −β

( )ro
min 2 c

o
= −γ γ

β

( ) ( )N N 1actual safe
N S

2kT
2 r

r
o o c

o

o
new

o
min− ≈ ⋅ ⋅ −−β γ γ

β

( ) ( )N N 1actual safe
N S

kT
r
r

o c o
new

o
min− ≈ ⋅ −−γ γ

At this point,  and  must be expressed in terms of  and .  From the “core” VPMro
min ro

new Pss
min Pss

new

equations:

( )
( )ro

min 2

P P
c

c ss
min

c crush
= −

− ⋅

γ γ

γ γ
γ

( )
( )ro

new 2

P P
c

c ss
new

c crush
= −

− ⋅

γ γ

γ γ
γ
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So,

( )1 r
r
o
new

o
min−

( )

( )= −
�

�

�
�
�

�

�

�
�
�

−

−

− ⋅�
�
�

�
�
�

− ⋅�
�
�

�
�
�

1

2

2

c

c Pss
new  

c
  Pcrush

c

c Pss
min  

c
  Pcrush

γ γ
γ

γ γ
γ

γ
γ

γ
γ

( )
( )= −

− ⋅

− ⋅

�

�

�
�

�

�

�
�

1
P P

P P
ss
min

crush

ss
new

crush

c

c

γ
γ

γ
γ

( )
=

− ⋅ − − ⋅

− ⋅

P P P P

P P
ss
new

crush ss
min

crush

ss
new

crush

c c

c

γ
γ

γ
γ

γ
γ

=
−

− ⋅
P P

P P
ss
new

ss
min

ss
new

crushc

γ
γ

Arranging the critical volume equation so that it can be solved for :Pss
new

Now all the previous solutions and simplifications can be plugged back into the critical volume equation:

( ) ( )α
γ γ

γ
γ

V
N S 

kT
P P

P P
P tcrit

o c ss
new

ss
min

ss
new

crush
ss
new

deco
1
k

c

=
−

⋅
−

− ⋅
⋅ +

To solve this equation for , the quadratic formula must be used.  To do this, further simplification isPss
new

required and the equation must be rearranged in the form .ax bx c 02 + + =

First, the decompression parameter is defined :λ

( )
λ

α γ γ γ
γ

=
⋅ ⋅ ⋅ −

⋅
V N S

kT
crit o c

c

( )
α

λ γ γ γ
γ

V
N S

kTcrit
o c

c
=

⋅ ⋅ ⋅ −
⋅



8

This substitution is made into the critical volume equation and it is rearranged and simplified:

( ) ( ) ( )λ γ γ γ
γ

γ γ
γ
γ

⋅ ⋅ ⋅ −
⋅

=
⋅ −

⋅
−

− ⋅
⋅ +

N S
kT

N S
kT

P P
P P

P to c

c

o c ss
new

ss
min

ss
new

crush
ss
new

deco
1
k

c

( )( ) ( ) ( )λ γ
γ

γ
γc c

P P P P P tss
new

crush ss
new

ss
min

ss
new

deco
1
k− ⋅ = − ⋅ +

( ) ( ) ( )λ γ
γ

λ γ
γc

2

c
2P P P t P P tss

new
crush ss

new2
deco

1
k ss

new
ss
min

deco
1
k− ⋅ = + − ⋅ ⋅ +

( ) ( )[ ]P t P P t Pss
new 2

deco
1
k ss

new
ss
min

deco
1
k crushc

2

c
2+ − + + + ⋅ =λ γ

γ
λ γ
γ 0

Next, to make the value of the constant  in the quadratic formula equal to 1, divide by :a ( )tdeco
1
k+

( ) ( )P P P
t

P
tss

new 2
ss
new

ss
min

c deco
1
k

crush

c
2

deco
1
k

− +
⋅

+

�

�
�
�

�

�
�
�

+
⋅ ⋅

+
=

λ γ
γ

λ γ
γ

2

0

Now the critical volume equation is in the form  and the quadratic formula can beax bx c 02 + + =
applied:

x
b b 4ac

2a

2

=
− ± −

In this case, the constants are as follows:

a = 1

( )b P
tss

min

c deco
1
k

= − +
⋅

+

�

�
�
�

�

�
�
�

λ γ
γ

( )c
P

t
crush

c
2

deco
1
k

=
⋅ ⋅

+
λ γ
γ

2

Note that

( )− = +
⋅

+
b P

tss
min

c deco
1
k

λ γ
γ
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So, the critical volume equation is solved for by:Pss
new

P
b b 4c

2ss
new

2

=
+ −

where

( )b P
tss

min

c deco
1
k

= +
⋅

+
λ γ

γ

( )c
P

t
crush

c
2

deco
1
k

=
⋅ ⋅

+
λ γ
γ

2

Note that the  term yields the largest value for .+ −b 4c2 Pss
new
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